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Abstract 

In this paper free field realizations of affine current superalgebras are considered. 
Based on quantizing differential operator realizations of the corresponding basic Lie super¬ 
algebras, general and simple expressions for both the bosonic and the fermionic currents 
are provided. Screening currents of the hrst kind are also presented. Finally, explicit free 
held realizations of primary helds with general, possibly non-integer, weights are worked 
out. A formalism is used where the (generally inhnite) multiplet is replaced by a gen¬ 
erating function primary operator. The results allow setting up integral representations 
for correlators of primary helds corresponding to integrable representations. The results 
are generalizations to superalgebras of a recent work on free held realizations of affine 
current algebras by Petersen, Yu and the present author. 
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1 Introduction 


Since the work by Wakimoto |l| on free field realizations of affine SL(2) current algebra 
much effort has been made in obtaining similar constructions in the general case, a 
problem in principle solved by Feigin and Frenkel ||^. Recently two independent methods 
have led to general and explicit solutions P, ^ . The method used by Petersen, Yu and 
the present author |^, ^ gives particularly simple and compact free field realizations and 
is amenable of generalizing to affine current super algebras. Much less coherent results 
have been established so far in the case of superalgebras. Free field realizations are only 
known in certain particular cases (see e.g. 10 , Si)- In this paper we present general 
and explicit free field realizations of affine current superalgebras, generalizing the results 
The affine current superalgebras we consider have basic Lie superalgebras as 


m 


classical counterparts. 

Free field realizations enables one in principle to build integral representations for 
correlators in conformal field theory 0, 0,0 0 . In a recent series of papers Petersen, 


Yu and the present author have carried out such a study for conformal held theory based 
on affine SL{2) current algebra 0, 0. It turns out that screening operators of both the 
hrst and the second kinds are crucial for being able to treat the general case of degenerate 
representations [0 and in particular admissible representations |0]. In that connection 
it is also necessary to be able to handle fractional powers of free helds. Well dehned rules 
for that have been established also in 0, 0. A particular interest in these techniques 


is due to their close relationship with 2D quantum gravity and string theory 

In order to generalize our work on affine SL{2) current algebra to affine current 
superalgebras (and eventually to be able to treat superstring theory along the lines of 
0, 0), one needs not only free held realizations of the affine currents but also of 
screening currents and primary helds. In this paper we present such realizations of 
screening currents of the first kind, only. However, that is expected to be sufficient for 
treating integrable representations. Nevertheless, the free held realizations we provide of 
primary helds are valid for general representations. For that purpose we use techniques 
based on “super-triangular” coordinates on representation spaces, which in turn makes 
our results very compact. 

The reduction of the results presented in this paper on Lie superalgebras and affine 
current superalgebras to standard bosonic Lie algebras and affine current algebras, is 
essentially by “fermionic truncation”. By that we mean disregarding all terms involving 
at least one of the odd parameters: odd roots a, odd “super-triangular” coordinates 
or fermionic ghost helds (fia, c"), see below. Thus, the results presented in this paper are 
direct generalizations of similar ones for purely bosonic algebras in ii- 

The paper is organized as follows. Section 2 serves to hx notation. Some basic Lie 
superalgebra properties are reviewed and systems of free bosonic and fermionic ghost 
helds and of free bosonic scalar helds are discussed. We dehne our “super-triangular” 
coordinates. A key object is the introduction of a matrix representation of the raising 
part of the Lie superalgebra depending on those coordinates in the adjoint representation, 
since the main new results in subsequent sections are expressed in terms of that matrix. 

In Section 3 we work out explicitly certain Gauss decompositions leading to diherential 
operator realizations of the Lie superalgebras. This is the hrst main new result in this 
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paper. We then discuss some polynomials later to become building blocks in construction 
of screening currents in Section 5. 

In Section 4 the differential operator realization of a Lie superalgebra derived in Sec¬ 
tion 3, is quantized to a (generalized) Wakimoto free held realization of the correspond¬ 
ing affine current superalgebra. The non-trivial part consists in taking care of multiple 
contractions by adding anomalous terms to the lowering operators. The full free held 
realization is the second main new result in this paper. 

In Section 5 free held realizations of screening currents of the hrst kind are provided. 
This is the third main new result in this paper. The set of screening operators depends on 
the choice of simple roots. In particular, the numbers of bosonic and fermionic screening 
currents are equal to the numbers of even and odd simple roots, respectively. 

In Section 6 we give a thorough discussion of primary helds using the formalism based 
on “super-triangular” parameters. Simple and general free held realizations of primary 
helds with arbitrary, possibly non-integer, weights are derived. This is the fourth and 
hnal main new result obtained in this paper. 

In Section 7 we compare a subset of the results obtained in this paper with results 
known in the literature, by working out explicit examples. 

Section 8 contains concluding remarks, while classical and quantum polynomial iden¬ 
tities following from the diherential operator realization and the free held realization, 
respectively, are listed in Appendix A. 


2 Notation 


Let g° and denote the even and odd parts of the basic Lie superalgebra g of rank r, see 
20] and references therein. A = A° U is the set of roots of g where A*^ (2^^) is the set 


of even (odd) roots. A generic positive even (odd) root is written a G A(}_ (d G A)^), and 
for such a root we write a > 0 (d > 0). An arbitrary positive root is written d G A+. A 
choice of a set of simple roots is written ^ in which there are even ones and 

= r — odd ones. 

Using the triangular decomposition 


g = g_ © h © g+ 

= (gi © g°) © h© (g° ©g])_) (1) 

the raising and lowering even operators are denoted G g^}_ and G g° respectively 
with a G A^, and iLj G h are the Cartan operators. For the odd generators we use lower 
case letters: G g)^ and fa G g)_, where d G A),_. We let Ja {jd) denote an even (odd) 

generator. denotes an arbitrary Lie superalgebra generator. The (anti-)commutator 
algebra may be written 

[Ja, Jb} = fA,B^Jc (2) 

where [•, ■} is an anti-commutator if both arguments are fermionic, and otherwise a com¬ 
mutator. This is equivalent to 

[Ja, Jb} = JaJb - JbJ n (3) 
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where the degree of a bosonic generator is deg(Ja) = 0 , while of a fermionic generator it 
is deg(ja) = 1. Sometimes we will indicate the degree by p{A) = deg(J^). Some of the 
structure coefficients satisfy 


r k _ 

Jdiy—aj 

= 






f ^ - 

Ji,±d 

= ±a{Hi)S^ 






/«,/ = 

f a+P 

- Ja,P , 
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while the Jacobi identity reads 

\Ja, I*, Jg}} = l|i^, *}, Jc] + |J^, Jg}} (5) 


The Chevalley generators comprise the sets of raising and lowering operators correspond¬ 
ing to simple roots and of Cartan generators, a total of 3r generators. The Cartan-Killing 
form K satisfies 


kab = (Ja, Jfl) = I^BA 

Hij = Gij , ~ ^ unless a = (3 

2h '^kab = 'Str(adj^adj^) = (—(6) 


where the metric Gij is related to the Cartan matrix Aij = aj{Hi) as Gij = AijKa^^-a.. 
hA is the dual Coxeter number of the Lie superalgebra. We shall understand “properly” 
repeated indices as in (|^) to be summed over. In the case of properly repeated root 
indices (a,/3, 7 ,...) the summation is over the positive (even and/or odd) roots. In the 
explicit examples discussed in Section 7 we follow the normalization convention of Kac 
Sm , saying that if An 7 ^ 0 then An = 2 , and in the i’th row where An = 0 the hrst 
non-vanishing element of the form Aijj^j, j > 1 is 1. It is always possible to rescale the 
Lie superalgebra generators in order to meet these normalization conditions. The bilinear 
form on the root space is dehned by dj ■ dj = {Ha., Ha.), where Hi = Ka^^cnHa.. The 
Weyl vector 


p = pO - 

^ E« > / = d E« (7) 

^ a>0 ^ a>0 

satishes p ■ dj = 0 .^/ 2 , while the labels A^. and of the weight A are dehned by 

i7fc|A)=A(i/,)|A) = A,|A) , A = AfcA" , A, = AfcA"(iL,) ( 8 ) 

Here the particular (fundamental) set of linearly independent weights {A*'} has the prop¬ 
erty that the associated highest weight representations are hnite dimensional. 

Elements in g*/ and g),_ (or g_) or vectors in representation spaces (see below) are 
parametrized using “super-triangular coordinates” denoted by x°‘ and (Grassmann odd 
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variables) respectively, one for each positive even or odd root. Thus we introduce the 
Lie algebra elements 

g+{x, e) = + 6'"ea G g+ , g-{x, 6) = G g_ (9) 

and the corresponding group elements G+{x,9) and G-{x,9): 

G+{x,9) = (10) 


The matrix representation G{x,9) of g+{x,9) in the (pseudo-)adjoint representation is 
introduced as 

= ( 11 ) 

This does not correspond precisely to the adjoint representation where (adj^)a° — /a,c^ 
such that 

(ad„,..„))a® = -lyaa® - (12) 

However, as it will be demonstrated in subsequent sections, it is a very convenient matrix 
representation essentially due to 


(ad,,,M))" (./a) = |(-C(a,»))”]/J b 
The following notation is used for the (block) matrix elements 


G 


( C+^ 0 0 \ 

C'o+ 0 0 

V C'_+ C-O G.- ) 


(13) 


(14) 


Gj^'^ etc are matrices themselves. In G+'^ both row and column indices are positive (even 
or odd) roots, in GJ^ the row index is a negative (even or odd) root and the column 
index is a Cartan algebra index, etc. One easily sees that (leaving out the arguments x 
and 9 for simplicity) 


( 0 ")++ = 
(O")o+ = 

(^n )_0 _ 

{G^)_- = 
[C^)_+ = 

0 = 


( 0 ++)" 

C'o+(C'++)"-i 

{G.-y-^GJ 

[G.-y 

n—1 

i:(c_-)'c-+(c, 

z=o 

(cyy = iGy+~ 


n—2 

)n-/-i ^ ^(c_-)^C'_°C'o+(C'++)’"-'-2 

z=o 


= (C”)„" = (C”)„- 


(15) 


The block elements may be specified further as in 

„ + / Ca'^ Ca" \ ( -iVrw'* -SVi/ j 

* ~ ( Ca'^ Cj J ( -xV,./ ) 


(16) 


We shall use repeatedly that Of (x) vanishes unless a < P, and similarly for the remaining 
3 block elements of 0+’'". This corresponds to each block {G^, G^, G^ and Gj^) 
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being upper triangular with zeros in the diagonals. Likewise, the block elements of 
are lower triangular. It will turn out that we shall be able to provide remarkably 
simple universal analytic expressions for most of the objects we consider, using the matrix 

c{x,e). 

For the associated affine Lie superalgebra, the operator product expansion, OPE, of 
the associated currents is 


Ja{z)Jb{w) 


K-Ask ^ fA,B^Jc{w) 
(z — wP z — w 


(17) 


where regular terms have been omitted, k is the central extension or level of the affine 
current superalgebra. We use the same notation J, E, F, H,j, e, / for the currents as for 
the algebra generators. Hopefully, it will not lead to misunderstandings. The associated 
Sugawara construction is 


and has central charge 


In the mode expansion 


we use the identihcation 


k sdim(g) 
k + K^ 


OO 

Ja{z)= JA,nZ-^-^ 

n=—oo 


.7.4,0 = .7.4 e g 


(19) 

( 20 ) 
( 21 ) 


The standard free field construction (see for affine current algebras and 

H for affine current superalgebras) consists in introducing for every positive even root 
a > 0 , a pair of free bosonic ghost helds {j3a, 7 ") of conformal weights ( 1 , 0 ) satisfying the 
OPE ^ 

= — ( 22 ) 

Z — W 

The corresponding energy-momentum tensor is 


=: or Pa : (23) 

with central charge 

c^., = 2|A°| =dim(g°)-r (24) 

For every positive odd root d > 0 one introduces a pair of free fermionic ghost helds 
{haiC^) of conformal weights (1,0) satisfying the OPE 

h^{z)c^{w) = —— (25) 

z — w 

The corresponding energy-momentum tensor is 

n, =: dc^b^ : (26) 
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with central charge 


Cbc = -2|A^| = -dim(g^) (27) 

For every Cartan index i = 1, ...,r one introduces a free scalar boson ipi with contraction 


iPi(z)ipj{w) = Gij hi(2 - w) 


(28) 


The energy-momentum tensor 

r, = i 


(29) 


has central charge 


c^ = r - 


h^sdim(g) 
k + h^ 


(30) 


where the super-dimension sdim(g) of the Lie superalgebra g is dehned as the difference 
dim(g°) — dim(g^). In obtaining (^0|) we have used Freudenthal-de Vries (super-)strange 
formula 

TiV 

= —sdim(g) (31) 

The total free held realization of the Sugawara energy-momentum tensor is T = + 

The + and has indeed central charge (|T^) . In subsequent sections, the combination 
k + will be abbreviated by t\ 

t = k + h'^ (32) 


One of the new results in this paper will be explicit free held realizations of the currents 
in a general affine Lie superalgebra in Section 4, based on matrix representations similar 
to C in (pd^. 

The vertex operator 

V^{z) =: : (33) 

has conformal weight 

A(rA) = L(A,A+2rt (34) 

It is also affine primary corresponding to highest weight A. One of the main new results 
in this paper will be an explicit general construction of the full multiplet of primary helds, 
parametrized by the x" and 0“ coordinates in Section 6. 


3 Differential Operator Realization 

In this section we discuss diherential operator realizations of the Lie superalgebra g on 
the polynomial ring The techniques for obtaining such realizations in the 

case of standard bosonic Lie algebras have been known for some time (see e.g. ||22|| ) 
and completed in [|, |^. The procedure and results of [Q || is generalized to cover Lie 
superalgebras in the following. In Ito used similar techniques to obtain diherential 
operator realizations of the Chevalley generators, see also Section 7. 
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The lowest weight vector (A| in the (dual) representation space is introduced as 


{A\F^={A\U = 0 , {A\H, = A,{A\ (35) 


An arbitrary vector in this representation space is parametrized as 


(A,x,0| = (A|G'+(x,0) (36) 

The differential operator realization {Ja{x, 9, d, A)} with da = and da = dgA denoting 
partial derivatives wrt x" and 0", is then defined by 

(A, X, d\JA = Ja{x, 9, d, A)(A, X, 9\ (37) 

and it follows immediately that the generators Ja{x, 9, d, A) satisfy the Lie superalgebra 
commutation relations. It is convenient (in particular when considering primary fields in 
Section 6) to have a similar notation for highest weight vectors 


|A,x,0) = G'_(x,0)|A) 

Ja\A,x, 9) = —JA{x,9,d,A)\A,x,9) (38) 

The relation between the two sets of realizations of the Lie superalgebra, {Ja{x, 9, d, A)} 
and {Ja{x, 9, 5, A)}, is 

Ja{x, 9, d, A) = -Ji{x, 9, d, A) (39) 

where the super-adjoint operation in g is defined by 

Ei = Fa , Fl = Ea , hI = H, 

el = fa , fi = -ea (40) 


In general |^, a super-adjoint (or grade adjoint) operation is linear, degree (or grade) 
preserving and satisfies 


in,*}' = (-l)*s(J4)<i«e(,/.)|4,j^} 

(jy = 


(41) 


In particular, we have (p+(r, 0))I — since — 11“*- Furthermore, one 

easily derives the following symmetries of the structure coefficients 




=F7 


f .±7 _ 3 -f .=F7 

•> —a,l3 •> a,—$ 

f ..-7 _ _ f ..7 

•I—a,—f3 •'01,13 


f ■^'3 = f 


.=F7 


(42) 


Here all roots are meant to be positive. 

The Gauss decompositions of (A|G+(x, for t small and of (A|G+(x, 6*)e^-^“ for fi 

a Grassmann odd parameter, may be written 


(A|G+((r, 9) exp{tEa) = (A| exp (^g+{x, 9) -f- tidf (x, 9)Ei3 F tV^{x, 9)e^ + 0(t^)) 

= (A| exp {t {Vfix, 9)dp F (x, 9)dp) F 0{t^)) G+(a;, 9) 
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= (A| exp (tHi + 

■ exp (^g+{x, 9) + tvf{x, e)E 0 + tvf{x, 9)e^ + 

= (A| exp (^t (vf{x, e)df 3 + Vf{x, 9)8^ + + 0{f)^ 

■ G+{x,9) 

= (A| exp {tQZi{x, 9 )F 0 + tQzi{x, 9)f^ + 

■ exp (tPia{x, 9)Hj + 

■ exp (^g+{x, 9) + 9)Ef} + tV^^{x, 9 )e 0 + 

= (A| exp (t {pLa{x, 9)Aj 
+ vUp 0)dp + vtix, 9)dp^ + G+{x, 9) 

= (A| exp (g+{x, 9) + g,Vf (x, 9)Efs + (x, 9)ep^ 

= (A| exp (^g (v^{x, 9)dp + Vf{x, G+{x, 9) 

= (A| exp (^gQZiix, 9 )E 0 + gQZiix, 9 )f 0 ^ 

■ exp(^gPE{x,9)Hj^ 

■ exp (^g+{x, 9) + gVf^{x, 9 )E 0 + gVf^{x, 9 )e 0 ^ 

= (A|exp(p(pA(a;,0)Aj 

+ Vf^ix, 9)d0 + Vt^{x, G+(x, 9) (43) 

It follows that the differential operator realization is of the form 

Ea{x,9,d) = Vl{x, 9 ) 8-0 
H,{x,9,8,A) = Vf(x, 9)80 + A, 

Fc,{x,9,8,A) = V^a{x,9)8^ +Pia{x,9)Aj 
e^{x,9,8) = vl{x, 9 ) 8-0 

U{x,9,8,A) = Vf^{x,9)8^ +PP{x,9)Aj (44) 

Since Ea{x,9,8, A) = Ea{x,9,8) and ea{x,9,8,A) = ea{x,9,8) are independent of A 
they may be dehned through a Gauss decomposition alone. 

We shall now work out explicitly the relevant Gauss decompositions in order to de¬ 
termine the polynomials V, P and Q. For that purpose we use repeatedly the Gampbell- 
Baker-Hausdorff formula (see e.g. [^] for a proof) 


(A|G+(a;, 6')exp(fifi) 

(A|G+(x, 6')exp(fFQ) 

(A|G+(a;, 9) exp{gea) 

{A\G+{x,9)exp{gU) 




B„ 


= exp < A + ^ ^(-adA)’"(/i&) 


n>0 


n\ 


(45) 


where p is a Grassmann odd parameter and b is an odd operator, and where Bn are the 
Bernonlli nnmbers with generating fnnction B{u) 


B(u) = 

(B(«))-‘ = 


e" 

e'^ 


^ = V 

1 — 1 ^ n' 

' — 1 1 
—^ = y—=— 


■u 


(46) 


It tnrns ont that only slight modifications are needed of the techniqnes employed in the 
recent work [^, by Petersen, Yn and the present anthor on pnrely bosonic free field 
realizations of affine cnrrent algebras. Utilizing the resnlts of that work we find 


vi{x,e) 

vf{x,e) 

v!dx,e) 

pUx,e) 

QziM 


lB[C(x,e))i 

-|C(a:.9)]f 




.-cix,e) 


,-C{x,e) 


—a 

3 

—a 

1-/3 


[B(-C(x,e))]i 


(47) 


Note that the expressions are valid for all positive roots and that the snmmation (I] 4 ^>o) 

in Vf^{x,6) is over both even and odd (positive) roots. Dne to the fact that for any 
given Lie snperalgebra the matrix C{x,6) is nilpotent, the formal power series in (^) 
all trnncate and become polynomials. We refer to ii for farther details. The explicit 
polynomial expressions in (|T7|) comprise the first main new resnlt in this paper, since 
they provide ns with explicit differential operator realizations and of the Lie 
snperalgebra in qnestion. 

A possible generalization of the work |p by de Boer and Feher on affine cnrrent 
algebras, may be based on the following (snper-)trace 


V3{x, 6)str {Gj^{x, 6)dpG+{x, 6)F^ 


= 2h'^ Kn - 


■a,-7 


(48) 


Here we have used the common notation ihj, for the lowering generators corresponding to 
the positive root 7 . The expression follows immediately from the realizations (|43|) and 
(^) of Ea{x,9) and ea{x,9). In 0 essentially the purely bosonic counterpart of this 
trace is introduced as a key object in their explicit Wakimoto construction. 


3.1 Differential Screening Operators 

We shall also be interested in screening currents in Section 5. They are built from certain 
differential operators to be defined presently. In the case of purely bosonic Lie algebras 
similar operators are well known 0 . 000 , 0 . 1 . 0 . 
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Let t and fi be Grassmann even and odd parameters, respectively. The operators 


Sii(x,e,d) = si{x,e)df 


(49) 


are then dehned through the Gauss decompositions 


= e-*®“G+(x, 0 ) 


e) = 9) (50) 


and we hnd 

S|(i,») = -1B(-C(i,«))]« (51) 

It follows from associativity of the Lie supergroup, that these polynomials satisfy the 
commutator relations 


Eo,{x,e,d),Sj^{x,e,d) 

Hi{x,e,d),Si^{x,e,d) 

F^{x,e,d),S 0 {x,e,d) 


Fa{x,e,d),S^{x,9,d) 

[ea{x, 6 ,d),Sp{x,e,d)] 

{e^{x,e,d),S^{x,e,d)} 

[U{x, 9 ,d),S 0 {x, 9 ,d) 

{fa{x, 9 ,d),S 0 {x, 9 ,d)} 

[So.{x,9,d),S0ix,9,d)] 

[Sa{x,6,d),S^{x,9,d) 

{S^ix,e,d),S^{x,e,d)} 


= 0 

= ^{Hi)Sp{x,9,d) 

= P{Hj)Pi^{x, 9)Sfs{x, 9, d) + QZl{x, 9)ffs_^^Aj 

- f0,-,^QZlix, 9)S,{x, 9, d) - fp,-^^QZi{x, 9)S,ix, 9, d) 

= (3{H,)PZ^{x, 9)Sp{x, 9, d) - QZi{x, 9)f^^_AA, 

+ fp^.PQZiix, 9)S,{x, 9, d) - 4_/g:Z(x, 9)S,{x, 9, d) 

= 0 
= 0 

= m,)PU{x, 9)S0{x, 9, d) + QZlix, 0)4VAi 

- ())sAp 0, d) - o)s^{x, 9, d) 

= P{H,)PU{x, 9)S^{x, 9, d) - q:1(x, 0)4_ aa,- 

+ 4_4g:i(a:, 9)S„{X, 9, d) - 4_/Q:I(a;, 9, d) 

= uys,{x,9,d) 

= fafS,ix,9,d) 

= f^fS,{x,9,d) (52) 


Several non-trivial classical polynomial identities (as opposed to quantum polynomial 
identities, see Section 4 and Appendix A) may be derived from the commutator relations 
using the differential operator realizations of the Lie superalgebra generators (^41) and 
(^). The identities will be used in subsequent sections, and are listed in Appendix A. 


4 Wakimoto Free Field Realization 

In the case of purely bosonic affine current algebras, it is well known how to obtain 
free field realizations (based on bosonic ghost pairs (/3 q,,7 ") and bosonic scalars tpi) from 
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the “fermionic truncation” of the differential operator realization {Ja}, simply by the 
substitutions 0, WA ^4 


da 


^ gg, I, i 

(3a{z) , a;“ ^ 7 "( 2 ;) , Ai ^ \/id(pi{z) (53) 

followed by adding anomalous terms d'y^{z)Fai 3 {'y{z)) to the lowering part. The natural 
generalization of that to the case of affine current superalgebras is to make the substitu¬ 
tions (see for the case of OSp{l\2), and for Chevalley generators in general) 

\/idipi{z) 


da ^ 

ha{z) 


da 


X 

QO 


r{z) 

c“(z) 


A. 


(54) 


in the differential operator realization {Ja} and subsequently to add anomalous terms 

c(z), dAz), dc(z)) = ch'>(z)F„Al{z),z(z)) + d^(z)F^A'l(^), c(z)) 

fi’'°’"(y{z),i:{z),dj(z),dc{z)) = dj^{z)U 0 (y{z),c(z)) + d(^(z)f^^(j(z), c(z))(55) 

to the lowering operators Fa(z) and fa{z), respectively. We are left with the following 
form of the free held realization of the affine current superalgebra 


F^(z) 

= 

: yt{.l{z),c{z))(3p{z) : + : Vf {-i{z),c{z))hp{z) : 

+Vidipi{z) 

Fa(z) 

= 

: yi{.l{z),c{z))pp{z) : + : V^(ci{z),c{z))bp{z) : 


Fa(z) 

= 

: V!}a{l{z),c{z))l3fi{z) : + : V^a{.l{z),c{z))b^{z) 

: +Vidipj{z)P}a{'y{z),c{z)) 


+ 

d'^'^{z)Fap{'^{z),c{z)) F dc^{z)F^^{'^{z), c{z)) 


ea(z) 

= 

■ yli.li.z),c{z))(i^{z) : + : vt{l{z),c{z))b 0 {z) : 


fa(z) 

= 

: v!}a{.l{z),c{z))f5p{z) : + : V^ai.li.z).c{z))bp{z) 

: +Vtdipj{z)PFi'yiz),c{z)) 


+ 

d^^{z)fa 0 {j{z), c{z)) + dc>^{z)f^ 0 {'y{z), c{z)) 

( 56 ) 


Now, the obvious task is to work out unique solutions for the anomalous terms. This we 
will do in the following, and the result is one of the main new results in this paper since it 
concludes the (generalized) Wakimoto free held realization of affine current superalgebras 


A comparison of the free held realization 
polynomial identities, listed in 


with ([TtI) yields a set of quantum 
in Appendix A. Among those identities are 


kKa,-p = -daV}dz,VJf, + daV}dz,VJf, + V}Ff,z^ 

= -swjawb + tc/j, 

= -SiVjawy + 

= -swjawy + aw’awb +(st) 

following from the OPE’s EaFp, Eaf^, gaFi^ and Cq/^, respectively. Hence, in order to 
determine the anomalous terms, we must show that 4+^ is invertible and hnd its inverse. 
However, this follows immediately from (^) 

VA(.l,c) = [B(C( 7 ,c))]++ = B(C^+(7,z)) (58) 
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and we may read off 


(VV^(7,c))-^ = (5(C++(7 ,c)))-^ 


( 69 ) 


Thus we have 

F^l.c) = fcf(f-++(7,c))-i 


-\ a 

■0 ^a,—a 


+ 

+ 


;(K^ + (7,<;))-‘]' (8W;(7,c)8W-»(7.c) - d,V^{^,c)d,V‘„{^,c)) 
(V+(7,c))-'l"SW;(7.c)S7r7(7,c) 


fa 0 i'y,c) = k (\4 + (7,c)) 


\-l 


J/3 




+ 


+ 


(V-+(7, c))-'l" S,7(7, 0)37^7(7, c) 


;(vv+(7, <;))-'] J (d.v^('r,c)d^v^di,c) - 8w;(7,<;)7r7(7.c)) (60) 


where we have used that = 0 unless a = j3. Note that there are no summations 

over a and a in the terms proportional to k. In particular for a or d a simple root, 
we find (using the common notation for the anomalous parts when d is a general 
positive root) 

^ai/ 3 ( 7 , c) = 0 {{ 2 k + h'^)K^,,-ai - An) (61) 

which is seen to be a constant, independent of 7 and c. Here we have used that 

daVg ( 7 , c)d^V^^. ( 7 , c) - ( 7 , c)d^V^^. ( 7 , c) = {F^- An) (62) 


5 Screening Currents 

A screening current has conformal weight 1 and has the property that the singular part 
of the OPE with an affine current is a total derivative. These properties ensure that 
integrated screening currents (screening charges) may be inserted into correlators without 
altering the conformal or affine Ward identities. This in turn makes them very useful 
in construction of correlators, see e.g. [|^, |^, |^, |^. The best known screening 

currents u m m, m, n I, I, i are the ones of the first kind in standard bosonic 


affine current algebra. Screening currents of the second second however |^, 

involve non-integer powers of the ghost fields and therefore have been less studied. The 
techniques for handling such objects have been developed in [|T^ 

To the best of our knowledge, in the case of superalgebras the only known screening 
currents are the ones for osp{l\2) and sZ(2|l). In the case of osp{l\2), the screening 
current of the hrst kind is due to Bershadsky and Ooguri while the screening current 
of the second kind is due to Ennes et al [^|. In the case of s/(2|l), only screening currents 
of the hrst kind are known and are due to Ito [ 0 ], and only for one choice of simple roots. 
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see Section 7. In this section we will provide universal expressions for screening currents 
Sa {w) of the hrst kind for generic affine current superalgebras, thus presenting one of 
the main new results in this paper. Namely, we hud the screening currents to be of the 
form 

%(!") = : (•Sa,(7W,c(iu))A(iu) + S^^('-f(w),c(w))bi,(w)'j :: ■, 

= : c(w))l3,M + Si,( 7 (u.), c(u.))6*(i«)) :: <63) 

where 

d(pi{z)A • ip{w) = , dipi{z)l3{H • ip{w)) = (64) 

z — w z — w 

and to produce the following total derivatives 



(w) 

= 0 

Ep{z)SaA 

(w) 

= 0 

F(j{_z)Sa. 

{w) 

d 

dw 

e^{z)Sa. 

{w) 

= 0 


{w) 

d 

dw 

T{z)Sa. 

{w) 

d 

dw 


z — w 






■■ f 


Z — W 


g:J(7(w;),c(w)) : - 




(65) 


Utilizing the classical polynomial identities (|131D , the proof is straightforward for the 
raising operators Ej 3 and e^, for the Cartan operator Hi and for the energy-momentum 
tensor T. The last identity merely shows that indeed Sa^ {w) is a conformal primary held 
with weight 1. For the lowering operators, comparisons of the two sides in (^) yield the 
following consistency conditions 


= -(-I)"'”'"'-'’*® (77» + 

= (_i)P(s7(i-p(S)-t.(7)) (-S7 

- A„sla,d^Pt^ + Si.d,Fi^ 


( 66 ) 


They are easily verihed for {3 a simple root (3 = oii, using that 




(67) 


In the case of a non-simple root /3, we have proven the conditions (|66D by induction in 
addition of roots using various classical and quantum polynomial identities. The strategy 
is fairly straightforward, though very tedious. First one eliminates terms involving 
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using in 


particular the recursion relations (|130|) and (|134| ) expressing e.g. fa,a'^Fp^ 


in 


terms of polynomials with indices a and a'. By induction assumption, such polynomials 
do satisfy (|66D, so by substitution we may get rid of terms involving derivatives of the 


anomalous polynomials. Next one eliminates terms involving Fan, and we are left with a 


set of relations in V, P, and S. (The Q’s in may be expressed in terms of P’s and 
S^s ( [132|) ). The proof is then concluded by virtue of the classical polynomial identities. 
Throughout we may act on the various identities with appropriate differential operators 
in order to derive further identities. 

Note that the numbers of fermionic and bosonic screening currents depend on the 
underlying Lie superalgebra and the choice of a set of simple roots in that. 


6 Primary Fields 

The hnal main new result reported in this paper is the explicit construction in this 
section of primary helds for arbitrary representations, integral or non-integral. We hnd 
it particularly convenient to replace the traditional multiplet of primary helds (which 
generically would be inhnite for non-integrable representations) by a generating function 
for that, namely the primary held (j)A{w,x,6) which must satisfy 

1 ( ( Q\ -JA{x,e,d,A) 

Ja{z)(Pa{w,x,9) = - (j)A{w,x,9) 


z — w 


T{z)(1)a{w,x,9) = 0) H- ^ — d(f)A{w,x,9) 


wy 


w 


( 68 ) 


Here Ja{,z) are the affine currents, whereas JA{x,9,d,A) are the diherential operator 
realizations given in (^8]), (^^, (^), (^) and (^71) . We shall hnd the result in the form 


(1)a{w,x, 9) = (l)y{'y{w),c{w),x,9)VA{w) 
Va{w) = 

0 a( 7 (w^),c(u;),O,O) = 1 


(69) 


Indeed, such a held is conformally primary and has conformal dimension A(0 a) = 
^(A, A -|- 2p). In order to comply with (|68D for Ja = H^, 0a is seen to be supersymmetric 
in (x, 9) and c{w)). Below we shall demonstrate this by explicit construction. Due 

to the fact that the anomalous parts of Fa{z) and fa{z) do not give singular contribu¬ 
tions when contracting with 0 a, we are left with the following sufficient conditions on 
0A(7(tc), c{w),x, 9), a pair for each d > 0 


(-!)>’(«> 0/(7. c)ys + r/(7, c)a^i) A = [vZ(x, »)4s + vZ(x, A 

+ AjPF{x,9)(py 

vi (x, 9)d^0 + vi (x, 9)dQp'^ 0A = c)d^P + c)d^0^ 0a 

+ A,PD(7,c)0(v (70) 
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where the sign factor is due to (p9D and (|d0|). Further, one can use the classical polynomial 
identities (|130|) to reduce the numbers of necessary conditions. Let us assume that 
d > 0 is non-simple such that there exist > 0 and 7 > 0 satisfying 7 ^ 0 7 ^ 


by 


We may then multiply the left hand sides by and the right hand sides 












accordance with 
field must satisfy 


By virtue of ( p.3CI| ) it then follows that “ = —1, in 

In conclusion, there are only 2r sufficient conditions a primary 


(^1(7, c)d,p + vtsci. c)dA 0 'a = e)dj 




(vl (x, e)d^p + vi(x, e)dgi^^ 0 '^ = (vP. ( 7 , c)d^p + ( 7 , c)d^ 0 ^ 4 >'^ 

+ AjPP.i'y,c)(p'^ (71) 

where 

. PU^(x,e) = (72) 

It seems very hard to solve this set of partial differential equations directly. However, in 
an alternative way to obtain the primary helds was developed in the case of purely bosonic 
affine current algebras. The analogous construction for affine current superalgebras goes 
as follows. 

First we directly construct primary fields for each basis or fundamental representation 
Mi^k. Such representation spaces are hnite dimensional modules and (j)'^k{'yiw), c{w),x, 6 ) 
will be polynomial in 'y{w), c{w), x and 6 . Then finally, for a general representation with 
highest weight A = AfcA^ (see (^) we use (^) to immediately verify that 


0A(7(w),c(w),a;,0) = f[ [(l)'^k{^{w),c{w),x,e)]^'^ 


k=l 


(73) 


We emphasize here that the labels Xk may be non-integers, as is required for degenerate 
representations. We proceed to explain how to construct the building blocks 


7»(7(TO),c(TO),a:, 0 ) 


(74) 


The strategy goes as follows. First we concentrate on the case w = 0 where the object 
reduces to 

<(>Afc(7o,Co,x,6') (75) 

when acting on the highest weight state |A^). 70 and cq are the zero modes in the mode 
expansions 


7(w) 

n 

c(w) = CnW 
n 


I3{w) =YPnW ^ 

n 

h{w) = Y^nW~'^~^ (76) 
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Conformal covariance requires cj)'j^k{'j{w),c{w),x,9) to be obtained just by replacing 70 
by 7 (tc) and Cq by c{w). The function ([75|) in turn is obtained from 

|A^ X, 6) = G_(x, 0)|A^) = (/.;.( 7 o, Co, x, 0)|A^) (77) 

Indeed, it is a consequence of the formalism, that the primary held constructed this way 
will satisfy the OPE (| 68 D. The construction is now simply achieved by expanding the 
state |A^,x, 6 ') on an appropriate basis which is convenient to obtain using the free held 
realization. 

Let the orthonormal basis elements in the /c’th fundamental highest weight module 
Mj^k be denoted {|17, A*^)} such that the identity operator may be written 

J = ^|[/,A^)(t/,A^| (78) 

u 

The state |A^,x, 6 *) may then be written 

|A‘, x,0)^Y,\U, A‘)(C/, A‘|A‘, X, »} (79) 

u 

One of the basis vectors will always be taken to be the highest weight vector |A^) itself. 
A particular basis vector will be of the form 

, n{U)=n\U)+n\U) (80) 

^niU) 

and the expansion of |A^, x, 6) will be 

Ufc ^ n\ ^ _ I _ 

' ’ ’ ^ V ...E,,U)F,,U)...F,,U) |A^) 

^niU) ^n{U) 

■ F,m...F,iu) \A'^){A'^\E,iu) ...E,m\A^,x,e) (81) 

^1 ^n{U) ^n{U) ^1 

Here we have used the common notation F^ {E^) for the lowering (raising) generators 
corresponding to the positive root (3. The parameters rA{U) and n^{U) denote the num¬ 
bers of even and odd generators (respectively) appearing in the expression (^). For each 
term in the sum (|HT| ) we treat the two factors differently. First consider the second factor. 
We may use the differential operator realizations to write 

{A’^lE.m ...Eg,u)\A\x,e) 

^n(U) 

_ ,^YAU){n\U)-l)/2+n{U)^ / ^ A^)...F.(a) (x, 6, d, A^)(A^|A^ X, 6) 

^n{U) 

where 

U{x, 6, d/dx, d/d6, A^) 

= F.,u){x,e,d,A^)...F.,u) {x,e,d,A^)-l 

^n(U) 

= +A‘(i/,)P7,„,(x,») ... 


A^(W,)P^_ {x,e) (83) 

^n(U) 
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In the last step in 


we used that clearly 

(A''|A*,a:,e) = 1 


( 84 ) 


Actually, the function U is independent of d/dx and d/dO since the differentiations may 
easily be carried out. 


In the first factor in (|8T|) 




(U) 


|A‘) 


(85) 


we use the free field realizations. The state |A^) is a vacuum for the /3 ,7 and the b,c 
systems, so it is annihilated by 7 ^, n > 1 and /?„, n > 0 , and by c„, n > 1 and bn, n > 0. 
The F^’s are the zero modes of the affine currents (0). It follows that only 70 ’s, /do’s, 
Co’s and 60 ’s need be considered. Also the anomalous terms will not contribute, and we 
obtain 


F.,u)...F.,u) lA'’) 

^n{U) 

co)/d 7 i,o + co)b^,,o + A^(i/,)P^' ^( 70 , Co) 


^ ^ (70, co)&7„(j^)_i,o + A*’(iT,-)PF(y) (70, Co) 


rlniU)-! 


-d 


n{U)-l 


-P 

' 1 


n{U)-l 


-13. 


n{U)-l 


■ k\H,)PF ( 7 o,co)|A^) 

^n{U) 

= t/(7o,Ct„/J„.6„.A'=)|A‘) 


( 86 ) 


As before, the function U is independent of /do and 60 • By the remarks above this 
completes the construction in general: 


(t)'Kk(a{w),c{w),x,e) 

(_l)PF)(P(C^)+l)/2 

^ (A^|P^(y)^^...P^([/)P^(c/)...P^(c/) |A^) 


pu) 


“ r 


(V) 


= E 


- 1 ) 


rP{U)(rP-(U)-l)/2 


U 


... P//(V) IA^) 


P(7(w;),cH,A'^)P(a;,0,A^ 


P(x,0,A^)P(7H,cH,A^) (87) 


<U) 


Explicit expressions for the Id’s and the P’s have already been provided (E3)- 

It remains to account in detail for how to obtain a convenient basis for the fundamental 
representations. This part will depend on the Lie superalgebra in question, and we 
anticipate that there are no problems in writing down such a basis. In the case of 
standard affine SL{N) current algebra, this has been done in [Q. See Section 7 for 
explicit constructions of primary fields in particular cases of affine current super algebras. 


7 Examples 

In this section we shall discuss several examples of the general constructions provided 
in previous sections, in order to illustrate how powerful these constructions are and to 
compare with results known in the literature. 
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7.1 Chevalley Generators 


In 0] Ito has considered realizations of Chevalley generators of both classical Lie su¬ 
peralgebras and of affine current superalgebras. Actually, he considers also the trivial 
extensions to any raising generator (in the {Ja\ basis, or lowering generators in the {Ja\ 
basis). It is not difficult to verify that our similar results reduce to those of Ito. Indeed, 
we find the following key objects in the differential operator realizations (see (|5^, (^) 
and (1^)) 


vi{x,e) 

vf{x,e) 

PU,(x,e) 


D 

y/3 I ■71 f.. 72 f.. /3 

1 jPi,a 7 / 32,71 ••• 7 / 3 „, 7 „_i 

n>l 

-m.) (x^l + eHfj 

h.-2 b'y++1: )/&,a 

n>l 

+ «“•&.,4.) (x^'sli + j... (xO-il; + 

si{x’‘’s:‘ + e“‘s2^ ( 88 ) 


This is in accordance with |^. The expression for Vf^.{x,6) is a simple reduction of the 
following non-trivial rewriting of 9) (|T7D, valid for all positive roots a 


= EE E 

>i>l/3i>0 1=0 


B, 


. f- 71 f 
I J .—a J i 


72 


•^/32,7i 


’7T.,7n-l 


/3i 


I... (+ 9'’"d 


(89) 


where m{—d,/5i, ...,(3n) is dehned for a given sequence of roots {—d,(3i, as 

the minimum integer for which —d -f /di + ... + /dm > 0. Our proof of the rewriting is 
based on the lemma stating that in any (formal) expansion of the form 


Ef-EM") 

8>0 \ n>l / 

the following recursion relation is valid 

Oq = 1 

n—1 

1=0 


n>0 


for n > 0 


(90) 


(91) 


Proofs of (the bosonic equivalence of) (|8^ and of the lemma may be found in [Q. In the 
affine current superalgebras, Ito p| works out the anomalous terms only for Chevalley 
generators (corresponding to simple roots). His result is in complete agreement with ours 
given in (0). 
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7.2 Case of 05^9(112) 

The classical Lie superalgebra osp{l\2), isomorphic to -B(0,1), consists of 3 bosonic gen¬ 
erators E, H and F, and 2 fermionic generators e and /. This corresponds to the fact 
that there are exactly 2 positive roots, namely one odd simple root a and one even 
non-simple root a = 2a. Thus, the Weyl vector becomes p = \a. Let us impose the 
normalization condition o? = 2, or equivalently = 3/2 (following from Freudenthal-de 
Vries (super-)strange formula), and also use the convention of Kac setting An = 2. This 
leads to some slightly unconventional normalizations of the Cartan-Killing form 




and of the structure coefficients 


= ±2 
= 1 
= ±2 


Gii — 8 


= ±4 
= 2 

f I ■ — 2 

J ±a,=|=a ^ 


(92) 


(93) 


These parameters may be obtained from the more standard ones (see e.g. ||35||) 


["^3 5 Jit] i^Jit 

{j+J-} = 2^3 
{j±,J±} = ±2J± 

by the substitutions 

= , 


, [<^3, J±] = ±J± 

, [J+, J_] = 2 J 3 

, [J±JT] = -j± 

Jz = \H , 

’ " 73 ^ 


(94) 


(95) 


The general results in previous sections are easily reduced in the case of 0Sp{l\2). We 
find the differential operator realizations 


H(x, 9, d, A) = —2680 — Axdx + Ai 
eix,e,d) = d0 + ed^ 
f{x, 9, 8 , A) = — 2 x 80 — 29x8x + 9Ai 
E{x,9,8) = 8 x 

F{x, 9, 8 , A) = — 4 : 9 x 80 — 4x‘^8x + 2xA 


H{x, 9,8, A) = 2980 + 4x8x — Ai 
e{x, 9, 8 , A) = — 2 x 80 — 29x8x + 9Ai 
f{x, 9, 8 ) = -80 - 98x 
E{x, 6 *, 8, A) = 49 x 80 + 4x‘^8x — 2xA 
fIx, 9, 8 ) = - 8 a 


(96) 

The Wakimoto free field realization is based on one pair of bosonic ghost fields (/9,7), 
one pair of fermionic ghost fields (6, c) and one bosonic scalar field (p = (pi satisfying 
ip{z)(p{w) = Gii \yi{z — w) = S ln( 2 ; — w), and is found to be 


H{z) = —2 : c{z)b{z) : —4 : 'y{z)(3{z) : +y/i 8 (p{z) 
e(z) = b(z) + c{z)(3{z) 
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( 97 ) 


f{z) = —2'y{z)b{z) — 2c{z) : 'y{z)(3{z) : +y/tc{z)d(p{z) + 2(2k + l)dc{z) 

E{z) = (3{z) 

F{z) = — 47 ( 2 ;) : c{z)b{z) : —4 : 'y'^{z)(3{z) : +2^/t'y{z)dip{z) 

— 4(fc + l)dc{z)c{z) + Akd'y{z) 

This is in accordance with the literature P|. It is easily verihed that indeed ([I7D is 
satished. The Sugawara energy-momentum tensor becomes 

T{z) =: d'^{z)(3{z) : + : dc{z)b{z) : ; d^{z) ■ d^{z) : (98) 


The screening current of the hrst kind is found to be 

Sa{w) = {c{w)(3{w) — b{w)) : : 


(99) 


and is also known in the literature |P] . It is not difficult to show that the screening current 
of the second kind is 104 


s^(m;) = {c{w)f3{w) - b{w)) . 

and that it produces the following total derivatives 


( 100 ) 


F{z)sa{w) = (—-—{{k + l)c{w)(3{w) — {k + 2)b{w)) (3 ^ 

f{z)s^[w) = 

aw \z — w J 

OPE’s with the remaining affine current generators simply vanish. The primary field is 
found to be 

x , 0 ) = (1 + 2ec{w) + : ( 102 ) 

This result has also been obtained in [Q, though based on different normalization con¬ 
ventions for the Lie superalgebra parameters. 


7.3 Case of OSp{2\2) ~ SL{2\1) ~ SL{1\2) 

The Lie superalgebra A{1, 0), which is isomorphic to osp(2|2), C(2) and s/(l|2) ~ s/(2|l), 
has rank r = 2 and 3 positive roots, while the dual Coxeter number is = 1 and 
dim(gQ) = dim(g^) = 4. First we choose the set of simple roots to consist of one even 
simple root cxi and one odd simple root 0(2 • The remaining and non-simple root a = 
«! -|- 0(2 is then odd. The Weyl vector is p = —q; 2 - From the oscillator realization (see 

S) 


Hi 

= a\ai — 02^2 

, H 2 — (I2CI2 + 


Eai 

= Cl\ci 2 

) Qj2^1 


6q2 

to— 

0 ^ 

1 fdi2 b Oj2 



= a\b 

fa = b^di 

( 103 ) 
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where and are fermionic and bosonic oscillators satisfying 

[b,b'^] = l , {ai,aj} = dij , ^(t)] ^ q (XOd) 

we find the non-vanishing elements of the Cartan-Killing form to be 


Gii = 2 


Gi2 — G 21 — —1 


G 22 — 0 


^Q;i, —Qfi 


^6:2, —0:2 


— —r 


1 


(105) 


such that the Cartan matrix is given by Aij = Gij. The remaining non-vanishing structure 
coefficients are found to be 


f ^ 

J ai,—ai 

= 1 

f- ■ ^ = 1 

) Ja2-,—(k2 

d(77i) = fi,a^ 

= 1 

, a{H2) = f2,a" = -1 

fa,-a^ = fa,-a^ 

= 1 

f . . — 1 

) jdiQ:2,T^ 

£ ±Q: _ 

/diQ:i,diQ:2 

±1 

, = Tl 


Now, the differential operator realization { Ja} is worked out to be 


H,{x,e,d,k) 

H2{x,e,d,k) 

F^,{x,e,d,k) 

6^2 (x, 6^, (9) 

U^{x,9,d,k) 

ea{x,9,d) 

U{x,9,d,k) 


—2x°'^dai + ~ + Ai 

X^^d^, + 9^d^ + A2 

dai - ]^9°'^da 

-x^^x^^da, + 

Qx'^^9'^^ + r) + x^^M 

9a2 + 

+ Qokj ^ + r^A2 

da 

-x^^ + 9^^ da, - 9^^ 9^da, 

Ai - - 0"^ A2 


(106) 


(107) 


The alternative realization {Ja} is easily derived from this. 

The (generalized) Wakimoto free held realization of the associated affine current su¬ 
peralgebra becomes 


Hi{z) = -2 : j(z)/3(z) : + : c(z)b(z) : - : G(z)B(z) : +V^d(pi(z) 
H 2 {z) = : 'y{z)P{z) : + : G{z)B{z) : +y/td(p 2 {z) 

Ea,{z) = I3{z)-]^c{z)B{z) 

Fa,{z) = - : -f'^{z)(3{z) : + : {^l{z)c{z) - G{z)j b{z) : 
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- ^ : 7 (^) (^^l{z)c{z) + C{z)^ B{z) : +Vi-f{z)d^i{z) + {k - l/2)d-f{z) 
ea^{z) = b{z) + ^'y{z)B{z) 

U^{z) = : {^-i{z)c{z) + C{z)^ (i{z) : +]^c{z) : C{z)B{z) : 

+ \/tc{z)dip 2 {z) + [k+ l/2)dc{z) 
ea(z) = B(z) 

fa(z) = - : 7(z) QlizMz) + C(z)^ I3{z) : - : c{z)C{z)b{z) : 

+ Vt (^l{z)c{z) + C{z)^ d^i{z) - Vi {^7{z)c{z) - C{z)^ d(p2{z) 

+ ^{k — l)d 7 {z)c{z) — ^{k + l)dc{z) 7 {z) + kdC{z) (108) 

where we have introduced the simplifying notation 


p{z) 

/3q.i {z) . 

7(^)=7“'(^) 


b{z) 

= h2{z) 

, c(z)=V^{z) 


B{z) 

= bVz) , 

C{z) = V{z) 

(109) 


It is straightforward to verify that this is a free held realization of the affine current 
superalgebra A(l, 0)^^^ with Cartan-Killing form and structure coefficients given by (|105|) 
and ( p.06|) . The Sugawara energy-momentum tensor is 

T{z) = : d7{z)f3{z) : + : dc{z)b{z) : +dC{z)B{z) : 

+ \ ■ d(p{z) • (p{z) : +^«2 • d‘^ip{z) ( 110 ) 

Owing to the equal numbers of bosonic and fermionic generators, the central charge of 
the Sugawara tensor vanishes. 

The screening currents of the hrst kind are easily found to be 

= - (/3W + IcWBw) : : 

( 111 ) 

and it may be checked that indeed they have the required properties. These particular 
expressions do not seem to have appeared in the literature before. 

Finally, the primary held of weight A is found to be 


(()a{w,x,9) 

1 -t- x^^7{w) + + 0“^ 

1 + e'^^c{w) + - r) 


X \ n ^1 

- 7 {w)c{w) + C{w) 


1A2 


- 7 {w)c{w) — C{w) ) — 26°‘'^6°‘c{w)C{w) 


( 112 ) 
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This expression follows from the observation that the basis vectors in Mai(A( 1,0)) and 
Ma 2 ( 74 ( 1 , 0 )) are proportional to 

I A') , , /a|A^) =/a,F„JA') (113) 


and 


|A"), njA"), niA") = -f„aja2) , uma :^} = -AnjA^) 


(114) 


The explicit expression for the primary field with arbitrary weight in (|112|) is a new result 


illustrating the general construction (|87|) in Section 6 . 

Let us now turn to the alternative choice of a set of simple roots where both simple 
roots are odd, di and 0 ) 2 - The remaining non-simple root a = ai + a 2 is even. This 
alternative (purely odd) set of simple roots, d) and , is obtained from the (distin¬ 
guished) one used above, and by Weyl reflections (see e.g. fSTfl) associated to 
the odd root In particular, we find df^ = + d^^^ = d^^) and d?^ = -d^^^ such 

that and the Weyl vector becomes = 0. This implies that 


= 


iff ^ 


= 




p( 2 ) = Ai) 

,( 2 ) 


^0-2 

^( 2 ) = 


/■(I) 
•I a2 

^( 1 ) 

OL\ 


^( 2 ) _ ^( 1 ) 

J ai J a 

f( 2 ) _ _.( 1 ) 

J a2 ^d2 

f{ 2 ) ^ p(l) 
a 


(115) 


Using this correspondence between the Lie superalgebra generators, one may work out 
the structure coefficients 


/ai,-a/ = 1 

a{H,) = /i,„“ = 1 
fa-a^ = 1 


/±«l, 


=F« 


=F<i 2 _ 


= 1 


f±ai, 


Al,diQ:2 




= ±1 


f- ■ ^ = 1 
a{H2) = /2,a“ = 1 

fa,-J = 1 

5 J:ta2,^^Ct 


_ 


= 1 (116) 


and in particular the Cartan-Killing form 


Gii =0 


Gi2 — G2^ — 1 


G 22 — 0 


^ai,—Qi ^02,-02 ^a,—a 1 


(117) 


such that Aij = Gij. Based on these parameters the alternative (fermionic) free field 
realization becomes 

Hi{z) = - : c{z)b\z) : - : ^{z)P{z) : +Vtdipi{z) 

H 2 {z) = - : c{z)h{z) : - : ^{z)(3{z) : +\/td^p 2 {z) 

eai(^) = h{z) + ^c{z)f5{z) 

faiiz) = - : Qc{zy{z) + 7 (^)^ b'{z) : ~c{z) : yz)(3{z) : 

-I- \/tc{z)d(pi{z) + {k + l/2)dc{z) 
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ea^{z) = b\z) + ^c{z)p{z) 

U^{z) = : {^c{z)c{z) - 7(z)^ h{z) : -^c'(z) : '^{z)( 5 {z) : 

+ y/td {z)dLp2{z) + {k + l/ 2 )dc'{z) 

Ea{z) = ( 3 {z) 

F^{z) = - : c{z)'-i{z)h{z) : - : d{z)'^{z)h\z) : - : -i‘^{z)( 3 {z) : 

- Vt {^c{z)d{z) - 7(2;)^ dLpi{z) + \/t {^c{z)d{z) + 7(z)^ dLp2{z) 

— ^{k + l)dc{z)d {z)— ^{k + l)dd {z)c{z) + kd^{z) (US) 

where we have introduced the shorthand notation 


b{z) 

= ba^{z) 

, c{z) 

= {z) 


b\z) 

= ba,{z) 

, d{z) 

= c“^(z) 


(3{z) 

= da{z) 

1 7(2^) 

= 7 “(^) 

(119) 


Note that this Wakimoto realization is invariant under the interchanging of i = 1 and 
i = 2. The associated Sugawara energy-momentum tensor is 

T{z) =: dc{z)b{z) : -|- : dd{z)b'{z) : -f : d'^{z)j3{z) ; +- : dip{z) ■ d(p{z) : (120) 

The screening currents of the hrst kind are 


= - (tw - lc'W/3w) : : 

= - (i'W - lcW/3(j)) : : (121) 


Similar realizations ( (|11^) and (|121|) ) in the fermionic basis of simple roots have also been 
obtained by Ito [0] . More recently, in Q the relation is discussed between the Wakimoto 
free held realizations (|108|) and (|118|) of the affine currents based on the two inequivalent 
choices of simple roots. 

Finally, the primary held of weight A becomes 


0a(w,x,6') 


1 + 0“ic(w) + ^^1^2 

1 + e^^d{w) + 


{^c{w)d{w) - 7(w) 
Qc(m;)c'(w) +7(w) 


Ai 

A2 


( 122 ) 


Again, such an explicit result seems not to be found in the literature. In this case the 
basis vectors are proportional to 

|Ai) , A,|A^) , F„|Ai) = -AJaJA^) (123) 
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and 


lA^), UA^), F^\A^) = -U,UA^) (124) 

Inspired by the oscillator representation (|103|) and (p.l5| ) we may choose the fnnda- 
mental labels differently, namely as 


A\H,) = 1 , A\H,) = 0 , A\H,) = 2 , A\H,) = -1 (125) 

as opposed to the diagonal choice above: A^(ifj) = 6^. Based on this new set {a^| we 
find the primary field 


(()a{w,x,9) 


i + e'^^ciw) + 

1 + 2e^^c{w) - e'^^c'iw) + 


\ n A1+2A2 

-c{w)c'{w) — 7 (w) 


) ( -c{w)c'{w) - -f{w) 




—A 2 

(126) 


Again, such an explicit result seems not to be found in the literature. In this case the 
basis vectors are proportional to 

lA') , AJA') , F„|A') (127) 


and 


|At . njAt ■ /«|A=) , fi|A=) 


(128) 


As a consistency check it is easily verihed that for given (basis independent) labels Ai 
and A 2 of A, the two primary fields ( |122|) and (|126|) are identical. This illustrates the 


freedom in choosing a convenient basis |A^| in weight space. 

In differential operator realizations and free field realizations are discussed in 
the case of the Lie supergroup OSp{2\2). We note that the realizations obtained there 
are different from ours (even for the Sugawara tensor) and are based on a different set 
of defining commutator relations for the Lie superalgebra osp{2\2). We don’t know the 
translations between them. 


8 Conclusions 

In this paper we have provided in particular 4 new results. First, we have derived 
general differential operator realizations of Lie superalgebras. Second, we have quantized 
these classical realizations and thereby obtained general free field realizations of affine 
current superalgebras. In this process the non-trivial part was to take care of multiple 
contractions by adding anomalous terms to the lowering operators. Third, we have worked 
out general expressions for screening currents of the hrst kind and presented proofs of 
their properties. Fourth, we have provided explicit generating function primary helds 
for arbitrary representations, based on super-triangular coordinates. Finally, we have 
compared the results with the literature and found them to be in accordance. 

The results allow setting up integral representations for correlators of primary helds 
corresponding to integrable representations. When screening currents of the second kind 
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have been worked out, we then have sufficient ingredients for setting up integral rep¬ 
resentations for correlators in the case of degenerate representations. This would be of 
interest e.g. in the GjG approach to non-critical strings. In the case of OSp{l\2) the 
screening current of the second kind is known |^. We intend to come back elsewhere 
with a discussion of screening currents of the second kind in more general situations 
and of correlators for degenerate representations of OSp{l\2) 
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Very recently there has been rapidly increasing interest in realizations of g-deformed 
Lie (super-)algebras. However, most results only pertain to specific examples (see e.g. 
|]4l| , |3^ and references therein). It would be interesting to try to develop a general scheme 
for obtaining such realizations. 
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A Polynomial Identities 

This appendix is devoted to listing several polynomial identities following from the re¬ 
alizations obtained in Section 3 and Section 4, and used in Section 5 and Section 6. 
The terminology of classical and quantum polynomial identities originates in our view¬ 
point of affine current superalgebras being quantizations of the corresponding (classical) 
Lie superalgebras. Thus, identities obtained from comparison of the differential opera¬ 
tor algebra with the Lie superalgebra (anti-)commutator relations, are denoted classical 
polynomial identities. Similarly, the identities obtained from comparing the free held re¬ 
alization with the dehning OPE of the affine current superalgebra, are denoted quantum 
polynomial identities. 

In this appendix we leave out the arguments of the polynomials. All root indices 
represent positive roots, while a (a) represents any even root or Cartan index (any odd 
root). 


A.l Classical Polynomial Identities 


From the differential operator realization of the Lie superalgebra we derive the following 
set of classical polynomial identities 




v^d^PU 

- vipp: 
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Ja,-I3 -V -7 

= 4^44 

for 


- a e A° 

f 

J a,a ''p 

= 




f ■ “I/.* 

Ja,-a ''a 

y -OL y-oP'^y CL 




u.-ppp 

= 

for 

a 

- a e A+ 


= wPwb-nVw-. 




-^-7 

= vpppif-vpdy^^ 




f- 

Ja,—a 

- i/ia.w - B v^ 

ya^^y-a y-oL^'^ya 




U,-PPl0 

— V^^d- 

ya 5 

for 

a 

- d e A+ 


= V^^d- + V^d- 

y^ ^7 y^ ' yj3 ^7 





= d- V^- d- 

ya^'yy-ff' y^^^^ycL 




1 

Tui- 

1 

1 ^• 

= V'^d -P^ ■ 

ya ^ 7 -^ ? 

for 


- d e A° 

f 

= d-V^- — V'^ d-V^ 

V-CL^^y-a ^-Q;^7^-a 




f.^,.ypp 

— d-P^ ■ - V'^ d -P^ 




u,-rvp 

= V'^ d-V^- PV'^-d-V^- 
y-a^'yy-0 ' y ^p^'yy-a 




f . -7 pi 

J-a-H ^-1 

— v'^ d- P^ ■ d- P^ ■ 

v_Q,cy^-r_^-r y_0^'y-‘P-a 





(129) 


Of course, this set of relations can be written in a more compact way using obvious 
properties such as a — a 7 ^ 0. In Section 5 and Section 6 the following (“compact”) 
recursion relations prove themselves useful; 


£ ..±7T/CT 

Ja-/3 


V2d^y- 




u,-rp^, = y2d,pp 


(130) 


Similarly, from the differential screening operator commutation relations (^) we hnd 


V^d^si - Sld^v: 
Wc),s| - gia^! 

- spwi 
spA 

V2ASI - (-ip^ 

sypp 


0 

prnsi 

P{H,)PUSI - U,VQ-lst - h-^^QZlsl 
m)pus; - f,,.p(tksi - 
0 
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S2d^S$ - Sp^S’ = 

07/) _ q^p q^ — t .i q^ 

pd,sl + s],d^s2 = 4/s; (isi) 

In the proof in Section 5 the following are useful “compactihed” relations 

rises' - = A„ppsi^ 

(132) 


A.2 Quantum Polynomial Identities 


From the free held realization of the affine current superalgebra (and using the classical 
polynomial identities (|129|) ) we derive the following set of quantum polynomial identities 


0 = tGijPF + v2Ff^ + (-ir^l^diyp^F-d^rp^:i) 
= -d,Vp^V’^ + 8iVp^Vp + V2F„ 

= -diVp^p + v2F^^ 

+ wawy + W/« 

/a.-V’-f'w = (-'^f‘^’*^via.,Ff, + B,vyFj^ 

- a^diV2a^2f + (-i)>’<“>+''<«+''<">SA9w?9wh 


0 = 

+ 

0 = 

+ 

+ 

0 = 

+ 

+ 


-d^vi^dpyz^ + d,v\d-Fyz^ + 

-d,d,v\dF,v!^0 + {-iY^^'^df,d,v\dF,vtp + 

- VY^dF^Paa + d,V2^Fi,F, + + {-ly^^^vi^d.F^F, 

-d.Vl^dF^V:^ + tGijPl^PP + V2J^^ + VPp^F^ 

-d,d,V2^d^VY^ - {-iyiGQ.Q^v2^Q^VP + tG,jd,p\pP 
V2^d^fp, - {-ly^^'^VPd^F^, + d,V2j0^ 

+ vPd.p^F, 

-d,VPdF,V2p + tG.^PPPip + vPp^F, + V2pU^ 

-d,d,vPdF^v2p - [-lyiGd.d^vPd^vy^ + tG,,d,PUPl^ 
^_lYG)v\dF,Fp, - V2pdF,U, + daVPPpF, 

V2pd,u, + {-ly^^v^d.UF, 


0 


u-rF' 


7(7 


-d^vPd^vy^ + d^vPd^vy^ + tG.,pppp + vyj^^ - 
-d^d.vPdF^vy^ + {-ly^^^d^d.vPdF^vG + tG^^d.pppp 
(_i)pF) (y 2 Mp, + VPdF^U,) + 
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0 


(133) 


= d-yli, - (-l)»<“l8^l/i^ + 2p(H,)pU 


Some of the terms obviously vanish since = 0 unless a = f3. We use the common 

notation for the anomalous terms and when a is an arbitrary positive root. 
We may re-express some of these identities as the following (“compact”) recursion relation 




and as 


0 = -S;,WaSW_"j + (-l)''®’+"'">9AU7aWh + «G„7>!^p7 

+ riFj, + (135) 


It is not difficult to show that ( p.35|) follows from (|134|) . 
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